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Computational Transonic Inverse Procedure for Wing Design
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A computational transonic inverse procedure for three-dimensional wings in which shapes are determined
supporting prescribed pressures is presented. The method is based on modified small disturbance (MSD) theory
and can handle wing design in the presence of a fuselage. A consistent analysis-inverse differencing is im-
plemented at the wing slit grid points to ensure recovery of specified pressures in the analysis mode. Formation
of an open or a fishtail trailing edge is avoided by a systematic alteration of the velocity potential in front of the
leading edge of span stations under inverse mode, until closure is achieved. To lend support to the numerical
procedure, an analogous incompressible two-dimensional problem is studied analytically. As an illustration of
the usefulness and versatility of the method, the development of a laminar flow control (LFC) wing from a given
base wing geometry is presented along with the analysis verification.

Nomenclature
Bn . = coefficients used in Eq. (12)
C = net source strength
Cp = pressure coefficient
j, k$ = grid index along x,y, z
M^ = freestream Mach number
r = \lx2 +y2

u,v . = Cartesian velocity component
x,y,z = Cartesian coordinate system
Z = wing surface ordinate
a = freestream angle of attack
7 = specific heat ratio
T = wing twist
p = radius of curvature
</> = velocity potential
£, a, 6 = dummy variable used in integration

Introduction

CURRENTLY, the aircraft industry is in need of quick
turnaround methods to develop energy efficient

transonic configurations with optimal aerodynamic
characteristics. Development of computational transonic
methods over the last decade has contributed significantly
toward fulfilling this need by aiding the design of efficient
transonic airfoil sections and wing surfaces. Although
computational models have been developed primarily to treat
the direct problem of determining the load characteristics of a
prescribed shape, the inverse problem associated with.
determining the required recontouring of a given wing to
provide a preassigned favorable loading is becoming in-
creasingly important to eliminate much of the cut-and-try
approach to geometry definition.

Computational inverse procedures for transonic airfoils
have been in use for many years. Early treatments of the
problem were given by Nieuwland,1 who employed
hodograph methods to calculate shock-free supercritical flow
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about a family of quasielliptical airfoils. Later, Garabedian
and Korn2 developed a more general hodograph procedure to
design highly cambered shock-free airfoils. In spite of their
usefulness, hodograph procedures for design purposes have
several disadvantages. They require too many input
parameters, are restricted to shock-free solutions, and are not
easily extendable to design of three-dimensional wings. Steger
and Klineberg3 treated the problem within a small-
disturbance framework solving the continuity and vorticity
equation at interior points. To insure consistency between the
analysis and the design formulation, they applied appropriate
discretization procedures to the vorticity equation at the
airfoil grid points. However, the first-order system with
velocity components as dependent variables produces a
difficulty in the treatment of singularities at the airfoil nose
and trailing edge. The effect of nose and trailing-edge
singularities could be greatly reduced by using a scalar for-
mulation involving the velocity potential. Tranen4 employed
the full potential equation to remedy the deficiency inherent in
the small disturbance formulation at the leading and trailing
edges. To overcome the inaccuracies and inconsistencies
associated with the discretization procedures at the boundary,
iterations had to be employed between direct and inverse
solvers in his method. Later, Carlson5 used dummy point and
higher-order accurate methods to handle airfoil boundary
points. Rather than employing the circle plane as in Tranen's
procedure, Carlson used a Cartesian framework.

Inverse procedures in three dimensions for wing design
have been developed only recently by various investiga-
tors.6"12 In Ref. 6, the small disturbance method provides
geometric versatility in designing fairly arbitrary geometries.
However, the limitation of the method involves the break-
down of the theory for large flow deflections such as those
near the leading edge. A full potential inverse method that can
treat the leading edge more accurately based on the non-
conservative form of the full potential equation was
developed by Henne.7 However, because of the non-
conservative implementation, the method of Ref. 7 can lead
to erroneous shock solutions. Another method, known as the
"fictitious gas" approach,8-11 is oriented toward achieving
shock-free designs, but does not address the problem of
determining shapes supporting preassigned pressure
distributions handled by the previously cited inverse
procedures. There are many applications in which this
capability is essential.

Besides the foregoing, another class of procedures is based
on optimization methods.12 Although of considerable
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usefulness, they require excessive computational effort as
compared to the inverse approaches to obtain design
solutions.

Toward obtaining a generally useful procedure, this paper
will address refinements required to obtain physically
meaningful solutions in the inverse method of Ref. 6. In this
connection, the issue of "closure" arises in which prescription
of arbitrary pressure distributions within inverse formulations
such as Ref. 6 can lead to open or fishtail trailing edges.
Further development of this method is presented here which
removes these defects and achieves closed trailing edges. In
the process to be described, closure is obtained by systematic
alteration of the velocity potential at various span stations
along the wing leading edge.

Jn general, the method is used in a mixed analysis-inverse
mode where at certain span stations geometry will be specified
and desired pressures are given on the rest of the wing. As a
test of the procedure, an accurate calculation of the flow
about the closed airfoil shapes designed by the method verifies
the pressure distribution. To lend further support to the
method, an analogous incompressible two-dimensional design
problem is studied. It should be noted in this respect that the
transonic procedure developed here and in Ref. 6 is strictly
speaking a redesign or perturbation procedure, in the sense
that shape alterations are sought of airfoils and wings
producing undesirable pressure distributions. Thus, a sort of
perturbation problem is being addressed in contrast to the
absolute inverse problem studied incompressibly in Refs. 13-
16, in which a shape corresponding to a prescribed pressure
distribution is sought. The well-posedness of the transonic
design problem is in more question than the incompressible
case. Issues of existence, uniqueness, and stability have not
been addressed here. Even for incompressible flow, only
trailing-edge closure (in the sense of zero net source strength)
has been addressed adequately. The multiple crossing issue
appears largely to have been ignored.

Despite these difficulties, the procedure discussed in this
paper appears highly useful for engineering applications.
Although it represents, strictly speaking, a redesign rather
than an absolute design approach, it can produce shapes
having more desirable pressure distributions that represent
significant perturbations from configurations with un-
desirable loadings. This is illustrated in the present paper in
which the concept of trailing-edge closure using leading-edge
velocity potentials as control variables is treated on a laminar
flow control (LFC) wing design problem. The objective is to
modify a given base wing consisting of airfoils similar to the
NACA four digit series to produce given LFC pressures at
midspan. The results of that study are reported in this paper
along with the analysis check and off-design performance
calculations. The analysis check and analytical study of an
incompressible formulation lend credence to the method
applied in the absence of a more rigorous mathematical
discussion for the transonic regime.

From a practical viewpoint, the method as reported in this
paper is very inexpensive to use for wing modification
requirements to produce desired pressures. A typical redesign
calculation including the trailing-edge closure will require 15-
20 min of CPU time on the CDC 7600 machine. This is in
contrast to optimization programs that usually require at least
several hours of computer time for a similar rigorous design
task.

Formulation
The modified small disturbance (MSD) equation in con-

servation law form used in the mixed analysis-inverse
procedure of Ref. 6 is kept the same in this paper

Referring to Fig. 1, once the desired pressure coefficient Cp is
prescribed at half node points (j—l/2,k), the perturbation
potential at wing slit points can be obtained in terms of the
potential value in front of the nose (leading edge) as

wing
plane

_ - r
~2 }x

(2)
I
specified

The potentials (t>j>k at the wing plane from Eq. (2) are used
as a Dirichlet boundary condition in solving Eq. (1) under
inverse mode. After convergence is established, the new upper
and lower wing surface slope information (<t>z)jtk *s obtained
by satisfying Eq. (1) at wing plane grid points where pressure
is specified.

(Az); (3)

where A, B, and C are functions of grid spacing, rk the twist
at the Ath span station, a. the angle of attack, and i) is made
up of all terms in Eq. (1) except the last term <t>zz. The upper or
lower wing surface ordinate is denoted by Z and the
corresponding wing slope (dZ/dx) appears in Eq. (3). The
term 3D includes second derivatives like 4>yy and <t>xy whose
finite-differenced forms depend on wing plane potentials at
£- 1, k, and k+ 1 span stations. Equation (2) indicates that
these wing surface potential values at k—\, k, and k+-l
stations in turn depend on leading-edge velocity potentials at
k— 1, /:, and k+ 1, respectively, as denoted by <£nose in Fig. 1.
Thus, the modified wing slope information (<t>z)j,k
corresponding to a prescribed pressure (Cp)j_1/2>k directly
depends on the value for leading-edge potentials which can
also be interpreted as constants of integration in Eq. (2).
Based on these statements one can write

wing
plane

(4)

Now define a trailing-edge thickness parameter tk for the Ath
span station such that

P
= \

Jj
(5)

plane

(1)

o POINTS IN FRONT OF NOSE

•POINTS ON WING SLIT

Q POINTS ABOVE WING SLIT

A IMAGE (DUMMY) POINTS
Fig. 1 Grid arrangement at wing plane.
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where [ ] denotes W>z)upper surface -(«z)iower surface* and Xle and
Xie represent leading- and trailing-edge x values, respectively.
The thickness parameter tk is then directly controlled by
leading-edge (nose) potential values through <t>z whose func-
tional dependence is given in Eq. (4). If tk is zero, then the Ath
span station has a closed trailing-edge airfoil, and positive or
negative tk would indicate an open or a fishtail trailing edge,
respectively. The objective is to achieve tk = 0 for trailing-edge
closure or some prescribed thickness tk by a suitable alteration
of </>nose values. Several iterative schemes can be employed for
the </>nose search process, but the one utilized in this paper is
based on a simple Taylor series expansion procedure. Ex-
panding tk in terms of </>nose potentials

' . . . • r dtt .
ie/J "K venose/ I O / J L \

Ld(<Pnose)/r

m — ks,.. M k — 7, k, k +1,..., ke

k=ks,...,k-l,k,k+l,...,ke (6)

where ks and ke denote the first inboard and final outboard
span stations under design mode, respectively. For trailing-
edge closure condition, the left-hand side of Eq. (6) is set to
zero which yields enough equations to uniquely solve for all

(7)

The {A0nose} solution vector from Eq. (7) gives the amount of
alteration to be made on {</>nose} to drive [ t k } to zero. In Eq.
(7), the { ) symbol denotes a vector and [ ]~1 denotes the
inverse of a matrix. Each element of this matrix is a partial
derivative and a complete evaluation of all the matrix
elements and the subsequent matrix inverse can be very costly
and time consuming, especially if several span stations are
under design mode. To reduce substantially the computer time
in the evaluation of matrix elements in Eq. (7), some tricks are
used. First, the span station which has the maximum positive
or negative thickness is selected. For this span station (call it
k=kt) the influence function dtk/d(<l>nosc)kt is generated and
that influence function distribution is kept the same for all
other design span stations but the magnitude is scaled by the
following:

4*
(8)

Use of Eq. (8) has drastically reduced the time taken to
evaluate the solution vector {A<£nose} from Eq. (7). Also, in
the evaluation of the matrix inverse appearing in Eq. (7), the
elements of the matrix other than the tridiagonal terms are
thrown away.

The following steps summarize the inverse solution
procedure.

1) Compute the analysis flowfield for the given initial base
wing geometry.

2) Compute the wing plane velocity potential from Eq. (2)
corresponding to the desired modified pressure distribution.
Use 0nose initially from the analysis calculation of step 1.

3) Compute the solution corresponding to the Dirichlet
boundary condition from step 2 and the new wing slope in-
formation from Eq. (3). Then compute tk from Eq. (5).

4) To achieve trailing-edge closure, modify </>nose according
toEq.(7).

5) Repeat steps 3 and 4 until trailing-edge closure is
achieved.

Analysis of Incompressible Prototype
of Closure Procedure

The quantitative results to be presented are obtained from a
computational inverse method which modifies a pressure
distribution associated with a known airfoil or wing shape.
The central idea utilized to obtain trailing-edge closure is
based on the assertion that open or fishtailed shapes which
arise in the process of solving the Dirichlet problem for the
perturbation potential <t> can be driven to closed contours by
systematically and iteratively adjusting <j> at some location on
the airfoil surface. These </> adjustments leave the target
pressures invariant.

The method has been tested by verifying, by direct
calculation, that the design pressures actually are recovered
(see numerical examples of the following section). Some
theoretical proof of the method would place it on a firmer
foundation. In this connection, previous investigations, such
as Ref. 5, have utilized the concept of adjustment of nose
radius to achieve closure for two-dimensional flows. Ac-
cordingly, the mathematical framework that analyzes the idea
should also indicate the connection between the role of the
nose potential value </>N, the nose radius of curvature, and the
net source strength.

In this section, the closure problem is discussed within the
framework of incompressible thin airfoil theory. The con-
clusions of the incompressible theory support the numerical
procedure utilized in transonic flow. The analytical results can
be derived from a consideration of the thickness design
problem of thin airfoil theory which represents the symmetric
part of the full problem. To fix the ideas, consider the
symmetric profile shown in Fig. 2.

From well-known formulas of thin airfoil theory, the
harmonic boundary value problem for </> which seeks a shape
given by (t>y(x,Q + ) = v0(x) =Ff ( x ) , - 1 <*<!, correspond-
ing to a prescribed pressure u0 (x), leads to

(9)

Reference 17 gives the following general solution of the
singular integral Eq. (9):

(10)

In Eq. (10) the constant C, analogous to the circulation in the
direct problem, is the net source strength. Thus,

f ;
C= 1 v0dx=net source strength =

j — /

with F(l) the trailing edge thickness. The far field asymptotic
behavior of 0 is

as r=*

We note that, to within a sign of u and v, Eqs. (9) and (10)
apply with u and v interchanged to give the solution of the

y = F(x) - vn(x) = F'(x)

Fig. 2 Symmetrical airfoil considered for closure studies.
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antisymmetrical camber problem (v specified and u to be
determined).

From Eq. (10) and the equation

it can be demonstrated that

1 f !- - W0
7T J — 1 \

(11)

The role of leading- and trailing-edge curvature can be
illuminated by representing the target pressure distribution as
a Fourier series, as in Ref. 18. Thus, if x = cos0 and

X+T

(12)

72/2 = ple, the radius of curvature of the leading edge; and
X2/2 = pte, the radius of curvature at the trailing edge; then we
obtain from Eq. (10)

6. ev0=--tan- + -cot- + BnsinnO (13)

From Eq. (10), it is evident that C= (Bt + r-X)/2. Thus, the
closure condition is

where

C=0=B1+T-\

= -\ u0(0)cosOde
7T J 0

(14)

Equation (13) leads to the important conclusion that closure
can be achieved by adjusting one of the following quantities:
1) ple, 2) pte, and 3) 0N. In fact, in contrast to the numerical
iterative procedure for transonic flow, the precise quantitative
value of <f>N in the linear regime can be determined explicitly
once and for all from Eq. (11) for arbitrary pressure
distributions given by Eq. (12) as

(15)2 4 £2 n2-!

which according to Eq. (14) for a clbsed airfoil becomes

r+3X ^V (-)"Bn 1 f 7

4>N= —~d— + 2j —2_ ~ ~ ~ \ «0(tf)cos~ ;adcr (16)

This result easily can be generalized to Prandtl-Glauert flows.
The extension of these theoretical results to three-dimensional
wings currently is being investigated.

The general solution should also have the property of
positive volume at any x0, \x0\ <1. If x0 = cos60, then the
positive volume constraint imposes a condition on the Bn
given by

7v0dx= -^
— / 2

On

Summarizing, the previous analytical developments
demonstrate the soundness of the method utilized in this
paper when applied to the incompressible case. No sub-

stantive changes in this assessment are anticipated in the
transonic regime. Specifically, we have shown the following.

1) For finite leading- and trailing-edge curvature in-
compressible airfoils, global closure, in the sense that the net
source strength on the airfoil given by

c=l

will be zero, is achieved providing the nose value of ^ = <t>N
takes on the value given by Eq. (16) without affecting the
prescribed pressures, which are left completely unconstrained.
Moreover, there is a unique combination of leading- and
trailing-edge radii associated with this 0N according to Eqs.
(12) and (14).

2) The value of <t>N is related to the leading- and trailing-
edge curvatures through Eq. (16).

3) If both leading and trailing edges have zero radius of
curvature, then Eq. (14) gives the integral constraint Br = 0 on
the class of admissible pressures leading to a closed contour.

4) If the trailing edge is a cusp, i.e., i>0(l) = 0, an integral
constraint on the pressure is required for closure. With C=0,
this is obtained from Eq. (10) as

5) If the trailing edge has a finite angle, the resulting
logarithmic singularity of the sharp edge can be achieved by
asserting that Bn = 0(n~1) as «—>oo and omitting the second
term in Eq. (13). This term will be included for a round edge
if, for example,

as x-+l, a 2

If trailing-edge sharpness is rigorously enforced, then Eq.
(14) imposes an integral constraint on the pressure
distribution. Therefore, an imperceptibly and unimportantly
small trailing-edge roundness is introduced by the iterative </>N
adjustments with fixed pressure distributions. From Eq. (12)
and the asymptotic formulas of Ref. 17, the associated
trailing-edge pressure is finite.

6) In transonic flow, the value of <t>N must be found
iteratively as in the scheme outlined in the preceding section.
Here, however, as in the incompressible case, the far field for
the intermediate boundary-value problems for </> associated
with openness has the logarithmic behavior </> = Clogr
+ 0(l/r) as r— oo. This must be updated in the iterative
process.

7) The condition

•
v0dx - local volume >0, \x\<l— i

(i.e., no contour crossings or multiple fishtailing) can be
enforced by multiple constraints on the prescribed pressure
distributions and is given explicitly for incompressible flow by
Eq.(17).

Other than those delineated in items 1-7, no further con-
straints are required in incompressible small disturbance
theory. This is in contrast to the requirements imposed by
Lighthill14 for exact potential theory.

Results
The newly developed inverse code with the trailing-edge

closure model was put to test to achieve the following ob-
jective. Provide the definition of the aerodynamic shape
required in the test strip of the wing shown in Fig. 3 to
produce the stream wise pressure distribution given in Ref. 19,
and reproduced in Fig. 4 at the midspan, at a freestream Mach



1048 SHANKAR, MALMUTH, AND COLE AIAA JOURNAL

number of M00=0.84 and angle of attack a = 3 deg. The
airfoil geometry at the root section for the basic wing is shown
in Fig. 5. The other geometry information provided is the
semispan is 318 in., the root chord is 180 in., the tip chord is
56 in., and 1/4 chord sweep is 30 deg. Ordinates at span
station rj equal root ordinate x (1 - 0.25r;) (except in test strip).
The twist distribution at span stations 0, 60, and 100% had
local twist angle r = 0, -0.5, and -4 deg, respectively with
linear twist variation between stations.

The wing modification results reported here were per-
formed on a CDC 7600 computer using a fine grid consisting
of 60 x 30 x 20 points. The inverse calculation is started from
the base wing analysis calculation. Initially, in the test strip
region (40-60% span), the shapes of the airfoils are chosen to
be the same as the rest of the wing. At M^ =0.84 and a = 3
deg with the initial twist distribution, the base wing produced
a pressure distribution on the upper and lower surface as
shown in Fig. 6. A shock is present on the upper surface. The
pressure distribution produced by the base wing in the test
strip region and in particular at midspan is far from the

40
SPANWISE DIMENSION - INCHES

80 120 160 200 240 280 320 360

280 L-
Fig. 3 Base wing geometry with a test strip where wing modification
is required.

Fig. 4 Desired stream wise pressure distribution.

0.06

0.04

0.02

z/C

-0.02

-0.04

-0.06

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 OJ

desired midspan pressure distribution as shown in Fig. 4.
Accordingly, the objective here is to modify the wing in the
test strip region to produce the pressures of Fig. 4 at 50%
span.

After the analysis results were established, the code was
switched from the analysis mode to inverse mode in the test
strip,region with pressures in this region modified to those
shown in Fig. 7. Here, at midspan the specified pressure is the
same as in Fig. 4. With analysis pressures kept fixed at 40 and
60% span, the rest of the specified pressures in the test strip
region were linearly interpolated from 40 to 50% and from 50
to 60%. The wing outside of the test strip (0 to 40% and 60 to
100%) was treated as analysis with shape given as before. The
inverse calculations were initiated with leading-edge potential
0nose values in the test strip region from the analysis run.
These analysis <£nose values were then systematically altered
according to Eqs. (7) and (8) until all the modified airfoils in
the test strip region had closed trailing edges within some
specified tolerance (usually less than 0.1% of chord). The
results from the inverse calculation are shown in Fig. 8. The
starting base wing airfoils in the test strip region are shown in
Fig. 8a. They are conventional, similar to NACA four digit
airfoils. The modified wing with </>nose values chosen from the
analysis run did not have closed trailing-edge airfoils for all
span stations. Some had a fishtail and some had openness, as
shown in Fig. 8b. After proper alteration of the </>nose values,
the final modified wing had trailing-edge closure within a
specified tolerance. This is shown in Fig. 8c.

Figures 9, 10, and 11 show similar results at 40, 50, and
60% span, respectively, as in Fig. 8, but clearly illustrate the
shape differences between the base wing airfoil, modified
airfoil before trailing-edge closure, and final airfoil after
trailing-edge closure. The midspan airfoil seems to undergo
the most drastic shape alteration as seen in Fig. 10. Along

356.2

267.1

178.1

89.0

89.0 178.1 267.1

Fig. 6 Upper and lower surface pressure distribution for the base
wing at MQO = 0.84 and a = 3 deg.

356.2

267.1

178.1

89.0

0.0^

89.0 178.1 267.1 0.0 89.0 178.1 267.1

Fig. 5 Base wing airfoil geometry at the root section.

Fig. 7 Desired upper and lower surface pressure distribution to
produce laminar flow control at midspan; pressure specified only in
the design mode, M^ = 0.84, a = 3 deg.
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BASE
-•_ -lEFTf^-/—Al R FOIL

BASE AIRFOIL

Fig. 8 Airfoil shapes for the base wing, modified wing before
trailing-edge closure, and modified wing after closure.

y/C
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y/C 0-00

-0.15

BASE AIRFOIL

MODIFIED AIRFOIL
BEFORE CLOSURE

FINAL SHAPE AFTER CLOSURE

-0.25 0.00 0.25 0.50 0.75 1.00
x/C

Fig. 11 Initial shape, modified shape before trailing edge closure,
and final shape after closure at 60% span.
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y/c
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0.00
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-0.15
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-0.15

BASE AIRFOIL

MODIFIED AIRFOIL
BEFORE CLOSURE

FINAL SHAPE AFTER CLOSURE

-0.25 0.00 0.25 0.50 0.75 1.00
x/C

Fig. 9 Initial shape, modified shape before trailing edge closure, and
final shape after closure at 40% span.

OD DESIGN INPUT

—— ANALYSIS RECOVERY

x/C
Fig. 12 Comparison of specified pressures and recovered analysis
pressures for the modified wing, M^ =0.84, « = 3 deg, 50.9% span
station.

y/c

y/c

y/C

0.15

0.00

-0.15

0.15

0.00

-0.15

0.15

-0.15

BASE AIRFOIL

MODIFIED AIRFOIL
BEFORE CLOSURE

FINAL SHAPE AFTER CLOSURE

-0.25 OOO O25 O50 0^75 1.00
x/C

Fig. 10 Initial shape, modified shape before trailing edge closure,
and final shape after closure at 50% span.

with the shape changes, the initial twist distribution is also
modified to achieve the pressure distribution shown in Fig. 7.

The modified wing with closed trailing edges was then
specified into the analysis code to verify the recovery of design
pressure distributions. Figure 12 shows the comparison of
specified pressures and recovered analysis pressures at 50.9%
span station. The agreement is very good.

The entire three-dimensional analysis-design calculations as
reported here required only 20 min of CPU time on the CDC
7600 computer. This reflects an enormous savings in com-
puter cost as compared to any similar optimization program
requirements.

Conclusions
An inexpensive three-dimensional inverse tool with an

automated trailing-edge closure model for transonic wing
design has been developed. The leading-edge velocity
potentials are used as control variables to achieve trailing-
edge closure. When compared to codes based on optimization
methods, the present technique can save an order of
magnitude in computer cost. The code in its current form can
also handle wing design in the presence of a fuselage. Future
extensions include wing design in the presence of a fuselage,
pylon, nacelle, and winglet. The method has been validated by
an analysis verification of the designed shapes. Further
credence to the procedure is provided by a study of a subsonic
analog.
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